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The pseudoscalar transition form factors (TFFs) describe the effect of the strong interaction on the $\documentclass[12pt]{minimal}
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                \begin{document}$$q_2^2$$\end{document}$. From the experimental point of view, one can study such TFFs from both space- and time-like energy regions. The time-like region of the TFF can be accessed at meson facilities either through the double Dalitz decay processes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_{P\gamma ^*\gamma ^*}(q_1^2,0)\equiv F_{P\gamma ^*\gamma }(q^2)$$\end{document}$. To complete the time-like region, $\documentclass[12pt]{minimal}
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At low-momentum transfer, the TFF can be described by the expansion$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_{P\gamma ^*\gamma }(Q^2)=F_{P\gamma \gamma }(0) \left( 1-b_P\frac{Q^2}{m_P^2}+c_{P}\frac{Q^4}{m_P^4}-d_{P}\frac{Q^6}{m_P^6}+\cdots \right) \ , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\eta ^\prime $$\end{document}$, from the prediction of the axial anomaly in the chiral limit of QCD.

In this work we shall focus on the $\documentclass[12pt]{minimal}
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                \begin{document}$$\sin \theta _P=-1/3$$\end{document}$ \[[@CR1]\], being $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ the renormalization scale and $\documentclass[12pt]{minimal}
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Several attempts to describe the $\documentclass[12pt]{minimal}
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Our approach makes use of PAs as fitting functions to all the experimental data. PAs are rational functions $\documentclass[12pt]{minimal}
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A new systematic error {#Sec2}
======================

In the context of Padé approximants, by *systematic error* is meant the difference between the function to be approximated and the highest approximant reached after the fit procedure. If there is seen convergence, the larger the PA order, the smaller the systematic error. Therefore, any finite-order PA should have a definite systematic error. In this section, we discuss how to obtain such an error for a scenario containing both time- and space-like data.

In order to illustrate the utility of the PA as fitting functions, Ref. \[[@CR30]\] simulates the real situation of the experimental data on the space-like region by generating with different models a set of pseudodata. Such data were then fitted with a $\documentclass[12pt]{minimal}
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                \begin{document}$$P^L_1(Q^2)$$\end{document}$ (single-pole approximants) sequence and the LEPs where extracted. This exercise was twofold: first it was meant to show the ability of the PA sequence to extract the LEPs and, second, also provided a systematic error for the extraction of each LEP at each value of *L*. In Ref. \[[@CR4]\], more examples were worked out and further discussed and we refer the interested reader to such references.

Dealing now with a larger set of data, such systematic errors should be reanalyzed, specially because the amount of time-like data, which covers the lowest-energy region---and is most important for LEPs extraction---is larger than the space-like one.

Following the strategy presented in Refs. \[[@CR4], [@CR30]\], we simulate with an holographic model (see Appendix B for details on the model together with on the simulation) the situation of the experimental data from both space- and time-like data; see, respectively, \[[@CR9], [@CR10], [@CR37]\] and \[[@CR11], [@CR12], [@CR14]\]. The results obtained with the holographic model described in Appendix B are collected in Table [1](#Tab1){ref-type="table"} where the relative errors for the first three derivatives for each element on the $\documentclass[12pt]{minimal}
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The strategy is then to generate pseudodata for both regions trying to emulate the real experimental situation. In the space-like region, we evaluated the model at 10 points in the region $\documentclass[12pt]{minimal}
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The forthcoming BESIII data on the $\documentclass[12pt]{minimal}
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                \begin{document}$$^2$$\end{document}$ might demand a reanalysis of our systematic errors, although we think that including them would not really modify our percentages beyond the precision we are reporting them in Table [1](#Tab1){ref-type="table"}. Their data will be, nevertheless, crucial to reduce our statistical errors which is by now the dominant source.

In passing, we also study what would be the systematic error done by a VMD fit to only the time-like data set. From the three models considered in Refs. \[[@CR4], [@CR30]\], the most conservative systematic error found is around $\documentclass[12pt]{minimal}
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$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\eta }$$\end{document}$ transition form factor: a space- and time-like description {#Sec3}
============================================================================================================================
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This method, which makes use of experimental data and theoretical framework for fitting them, cannot access the second Riemann sheet where the resonance poles are supposed to be located \[[@CR39]\]. One cannot extract resonance poles parameters with such methods, and that poses a word of caution on the interpretation of fits such as Eq. ([3](#Equ3){ref-type=""}) to relate its pole parameters with effective masses. Our method does not contain a branch cut and all the analytical structure is built to reproduce only the first Riemann sheet. The effective pole we obtain should lie outside the range where data are. The main advantage of the method of PAs is indeed to provide the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q^2$$\end{document}$ dependence of the TFF over the whole space- and time-like region up to the first resonance in an easy and systematic way, without the need of a model for the resonance poles appearing in the amplitude \[[@CR30], [@CR32]\]. For how to extract resonance pole parameters using PA, see Refs. \[[@CR40], [@CR41]\].

Experimental data from the space-like region is obtained from CELLO, CLEO, and Collaborations \[[@CR9], [@CR10], [@CR37]\], together with the time-like experimental data from NA60 and A2 Collaborations \[[@CR11], [@CR12], [@CR14]\]. We also include the value $\documentclass[12pt]{minimal}
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A remark on experimental systematic errors {#Sec4}
------------------------------------------

When comparing time-like data results from different collaborations it is common to report, together with the experimental data, the result of a fit with a single-pole function Eq. ([3](#Equ3){ref-type=""}). Although such data contain only statistical errors, systematic errors are incorporated in the result of the fit. When using these data in our fits one must incorporate the systematic error information into the fitted data.[3](#Fn3){ref-type="fn"}

The A2 Collaboration reported in 2011 on the Dalitz decay $\documentclass[12pt]{minimal}
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Results {#Sec5}
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After defining the set of data we will use, we report on our results. We start fitting with a $\documentclass[12pt]{minimal}
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Fig. 2Slope (*top-left panel*), curvature (*top-right panel*), and third derivative (*bottom panel*) predictions for the $\documentclass[12pt]{minimal}
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The fits shown in Fig. [1](#Fig1){ref-type="fig"} use the experimental value of the two-photon decay width as an experimental datum to be fitted. Such a fit could be repeated without including that decay. In such a way, we reach again a $\documentclass[12pt]{minimal}
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Our results in Eq. ([5](#Equ5){ref-type=""}) are, by far, the most precise to date. Particularly, we believe that the precision achieved for $\documentclass[12pt]{minimal}
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The role played by high-energy space-like data {#Sec7}
----------------------------------------------

Low-energy parameters are defined at zero momentum transfer. When extracting them from our fits, one would expect the low-energy data to dominate. We noticed, however, that in order to reach large PA sequences (leading to more precise extractions), the high-energy data is also important as can be seen in Fig. [1](#Fig1){ref-type="fig"}. From 5 to 35 GeV$\documentclass[12pt]{minimal}
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On the other side, time-like data can also be used to predict the asymptotic value, even though the range of data is much shorter and much closer to $\documentclass[12pt]{minimal}
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======================================================================================================

As stated in the introduction, TFF are not also interesting by themselves but also for the range of scenarios where they play a crucial role. In this section we consider a few of such applications.

Reanalysis of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta $$\end{document}$--$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta ^\prime $$\end{document}$ mixing parameters {#Sec9}
----------------------------------------------------------------------------------------

In this subsection we briefly summarize the main elements to extract the mixing parameters exclusively from our fits to the form factor data.
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Within this approximation, the asymptotic limits of the TFFs take the form$$\documentclass[12pt]{minimal}
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One can translate the mixing parameters obtained in the flavor bases into the octet--singlet one by the following recipe \[[@CR52]\]:$$\documentclass[12pt]{minimal}
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To include this effect in our results it is convenient to work it out in the singlet--octet basis for later on translate it into the flavor one using Eq. ([10](#Equ10){ref-type=""}). As such, the asymptotic behavior equations ([7](#Equ7){ref-type=""}) shift to$$\documentclass[12pt]{minimal}
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The mixing parameters obtained with our fits are precise enough to be competitive with the standard approaches with the advantage of using much less input information. Figure [5](#Fig5){ref-type="fig"} compares our results from Eq. ([14](#Equ14){ref-type=""}) (blue squares) with well-established phenomenological determinations, the one from Feldmann, Kroll, and Stech (FKS) from Ref. \[[@CR51], [@CR52]\], and the one from Escribano and Frere (EF) from Ref. \[[@CR36]\] (updated in Ref. \[[@CR4]\]). The agreement among the three approaches for both $\documentclass[12pt]{minimal}
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A comment on the *BABAR* high-energy time-like measurement {#Sec10}
----------------------------------------------------------

Our mixing parameters in Eq. ([14](#Equ14){ref-type=""}) disagree with the ones obtained using time-like result as shown in Fig. [4](#Fig4){ref-type="fig"} which, including the results in Figs. [5](#Fig5){ref-type="fig"} and [6](#Fig6){ref-type="fig"} suggests a puzzle between the measurement and the standard phenomenology \[[@CR4]\]. Assuming that the measurement is correct, the difference could be explained if the assumption of duality between time- and space-like regions at high energy would not be yet valid at 112 GeV$\documentclass[12pt]{minimal}
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For all these reasons, we chose not to use these measurements in the time-like region in our fits.
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In this subsection, we extend our analysis to the vector--pseudoscalar electromagnetic form factors. In particular, we are interested in the couplings of the radiative decays of lowest-lying vector mesons into $\documentclass[12pt]{minimal}
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We follow closely the method presented in Refs. \[[@CR36], [@CR59]\], and we make use of the equations in Appendix A in Ref. \[[@CR36]\] to relate the form factors with the mixing angle and the decay constants in the flavor basis. To account for the $\documentclass[12pt]{minimal}
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The observed deviations hint toward a somehow oversimplified approach. Even though our goal is just to show the relevance of TFF in other decays, and we do not pretend an exhaustive study of higher-order contributions in our scheme, we still want to remark two possible ways to improve our approach.
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On the other hand, as discussed in detail in Ref. \[[@CR61]\], in the flavor singlet channel one has to allow for another OZI-rule violating correction, which essentially corresponds to replacing $\documentclass[12pt]{minimal}
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Discarding OZI-violating effects, Padé approximants can then be the avenue to follow since the vector mass that should be used in Eq. ([19](#Equ19){ref-type=""}) it should not correspond to a physical observable, but an effective scale provided by the pole of a PA assuming the philosophy of the present work. For the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta $$\end{document}$ TFF, the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda _{\eta }^2$$\end{document}$ from Eq. ([3](#Equ3){ref-type=""}) is smaller than the VMD mediator. If the same would happen with the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho ,\omega $$\end{document}$ form factors, one would expect, then, different $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_{VP\gamma }$$\end{document}$ couplings. Since this study is beyond the scope of the present analysis, we postpone it for future work. A naive estimate of these effects could be accounted for within the half-width-rule \[[@CR46]\], i.e., instead of using $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_V$$\end{document}$ in Eq. ([19](#Equ19){ref-type=""}), we use $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_V \pm \Gamma _V/2$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma $$\end{document}$ the full width of the vector. This provides a way to assess the error of neglecting the width of the resonance in using $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_V$$\end{document}$. For example, for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ case, within the half-width-rule, the errors of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_{\rho P\gamma }$$\end{document}$ would be enlarged by a factor 3, well compatible with the experimental determinations.

Further studies along these lines are postponed for future work.

Conclusions {#Sec12}
===========
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                \begin{document}$$\eta \rightarrow e^+e^-\gamma $$\end{document}$ reaction provided by the A2 Collaboration in the very low-energy part of the time-like region allows for a much better determination of the slope and curvature parameters of the form factor, as compared to the predictions obtained in our previous work only using space-like data, which constitute the most precise values up-to-date of these low-energy parameters. Our method is also able to predict for the first time the third derivative of the form factor. In addition, the new analysis has served to further constrain its values at zero momentum transfer and infinity. We have seen that our results, in particular for the case of the slope parameter, are quite insensitive to the values used in the fits for the two-photon decay width of the $\documentclass[12pt]{minimal}
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In summary, the method of Padé approximants has been shown to be very powerful for fixing the low-energy properties of the $\documentclass[12pt]{minimal}
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Appendix A: Best Padé approximant fit parameterization {#Sec13}
======================================================
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With the coefficients in Table [5](#Tab5){ref-type="table"}, one can extract the slope of the TFF by expanding ([A.1](#Equ27){ref-type=""}) and normalizing the result as in Eq. ([1](#Equ1){ref-type=""}):$$\documentclass[12pt]{minimal}
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Appendix B: Convergence of the Padé approximant sequence {#Sec14}
========================================================

To test how fast the convergence of our PA sequence is we analyze here a simple holographic confining model presented in \[[@CR18]\] (and also explored in Ref. \[[@CR17]\]), based on light-front holographic QCD where the correct small $\documentclass[12pt]{minimal}
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Once the model is defined, by generating a set of pseudodata as is done is Sect. [2](#Sec2){ref-type="sec"} we can test how fast the PA sequence converge to $\documentclass[12pt]{minimal}
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In this case, the infinite number of poles and zeros are seen to be located along the branch cut with the first pole located at the beginning of the branch point.
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We thank Marc Unverzagt for discussions on this subject.

Recently, NA60 presented an improved preliminary result, $\documentclass[12pt]{minimal}
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For full precision of the coefficients together with the correlation matrix, contact the corresponding authors.

We do not consider higher-twist components here to keep the model easy to use.
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